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A CARTAN DECOMPOSITION FOR
NON-SYMMETRIC REDUCTIVE SPHERICAL PAIRS
OF RANK-ONE TYPE AND ITS APPLICATION TO
VISIBLE ACTIONS
ATSUMU SASAKI
Abstract. A Cartan decomposition for symmetric pairs plays an
important role to study not only orbit geometry of the symmet-
ric spaces but also harmonic analysis on them. For non-symmetric
reductive pairs, there are examples of generalizations of Cartan de-
compositions for some spherical complex homogeneous spaces such
as complex line bundles over the complexified Hermitian symmet-
ric spaces and triple spaces. This paper provides new examples of a
Cartan decomposition for non-symmetric reductive pairs, namely,
reductive non-symmetric spherical pairs of rank-one type. We also
show that the action of some compact group on a non-symmetric
reductive spherical homogeneous space of rank-one type is strongly
visible.
1. Introduction
Let G be a connected real semisimple Lie group and H a connected
closed subgroup of G which is reductive in G. We take a Cartan in-
volution θ of G satisfying θ(H) = H and set K := Gθ. Then, K is a
maximal compact subgroup of G. Let g0, k0 and h0 be the Lie algebras
of G, K and H , respectively. We write g0 = k0+p0 for the correspond-
ing Cartan decomposition of the Lie algebra g0 and g0 = h0 + q0 for
the direct sum decomposition with respect to the Killing form of g0.
Then, g0 is decomposed into the direct sum as follows:
g0 = k0 ∩ h0 + k0 ∩ q0 + p0 ∩ h0 + p0 ∩ q0.
In this setting, if there exists an abelian subspace a0 in p0 ∩ q0 such
that
G = K(exp a0)H,(1.1)
then we say that (1.1) is a Cartan decomposition for the pair (G,H),
or for the homogeneous space G/H .
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If H coincides with K, then (1.1) is a usual Cartan decomposition.
In the case where (G,H) is a symmetric pair (note that H is not nec-
essary compact), the decomposition (1.1) holds (cf. Flensted-Jensen
[4] and Rossmann [13]). Recently, we have investigated a decompo-
sition GC = GuBHC with an abelian B in GC for some complex ho-
mogeneous spaces GC/HC which are not symmetric but spherical such
as SO(4n + 2,C)/SL(2n + 1,C), E6(C)/Spin(10,C) ([15, 18]), triple
space (G′ ×G′ ×G′)/G′ where G′ = SL(2,C) ([3]), and with a subset
B such as SL(2n + 1,C)/Sp(n,C) ([16]) and SO(8,C)/G2(C) ([17]).
We expect that non-symmetric reductive real spherical pairs (G,H),
which are in connection with finite-multiplicity property of represen-
tations (see [8] and references therein), have a Cartan decomposition
(1.1) for some abelian a0.
From this viewpoint, the author is studying a Cartan decomposi-
tion (1.1) for reductive spherical pairs. This class contains complex
symmetric pairs. Then, our interest is non-symmetric spherical ones.
Here is a quick review on reductive spherical pairs. Let GC be a
connected complex semisimple Lie group and HC a complex closed
subgroup of GC. The pair (GC, HC) is called spherical, or the complex
homogeneous space GC/HC is spherical, if a Borel subgroup of GC has
an open orbit in GC/HC. The classification of reductive spherical pairs
(GC, HC), namely, it is spherical and HC is a reductive Lie group, has
been given by Kra¨mer [9] whenGC is simple and by Brion [2], Mykytyuk
[12] when GC is semisimple.
In this paper, we consider non-symmetric reductive spherical pairs
(GC, HC) which are of rank-one type, namely, (GC, HC) satisfies one of
Table 1.1.
Type GC HC
R-1 SO(7,C) G2(C)
R-1′ Spin(7,C) G2(C)
R-2 G2(C) SL(3,C)
Table 1.1: Non-symmetric reductive spherical pairs of rank-one type
Now, we remark on Type R-1 and Type R-1′. The double cover-
ing group homomorphism Spin(7,C) → SO(7,C) induces the double
covering map from Spin(7,C)/G2(C) (Type R-1
′) to SO(7,C)/G2(C)
(Type R-1). Since the definition of spherical homogeneous space is a
local condition, it is sufficient for the classification to consider spher-
ical homogeneous spaces up to coverings. In the study of (1.1), our
argument for Type R-1′ is parallel to that for Type R-2, and our main
result for Type R-1′ provides that for Type R-1. For this reason, we
will also treat Type R-1′ in this paper.
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The terminology ‘rank-one type’ comes from the geometric sense,
namely, the corresponding homogeneous space is of rank one. More-
over, it can be explained from the representation theory. By Vinberg–
Kimelfeld [20], a reductive pair (GC, HC) is spherical if the space C[GC/HC]
of regular functions on the complex homogeneous space GC/HC is
multiplicity-free as a representation of GC, and vice versa. The set
of highest weights of GC occurring in the multiplicity-free irreducible
decomposition of C[GC/HC], called the support of GC/HC, is a semi-
group. If (GC, HC) is one of Table 1.1, then the rank of the support
equals one (see [9]).
Now, let us explain our main result. Let (GC, HC) be a reductive
spherical pair of rank-one type and θ a Cartan involution of GC satis-
fying θ(HC) = HC. Let g, h be the Lie algebras of GC, HC, respectively.
We use the same letter θ to denote the differential automorphism on
g. We set gu = g
θ and Gu := G
θ
C
. Then, gu is a compact real form
of g and the Lie algebra of Gu. The corresponding Cartan decompo-
sition of the Lie algebra g is given by g = gu +
√−1gu. Let q be the
orthogonal complement of h in g with respect to the Killing form of g.
Under the setting, we give new examples of a Cartan decomposition
(1.1). Namely, we prove:
Theorem 1.1. Let (GC, HC) be a non-symmetric reductive spherical
pair of rank-one type. Then, one can take a one-dimensional abelian
subspace a0 in
√−1gu ∩ q such that
GC = Gu(exp a0)HC.
The purpose of this paper is to provide an explicit description of a0
satisfying Theorem 1.1 under the realization of GC and HC as matrix
groups.
Thanks to Theorem 1.1, we find strongly visible actions on non-
symmetric complex reductive homogeneous spaces. We state:
Theorem 1.2 (see Theorem 6.1). Let (GC, HC) be a non-symmetric
reductive spherical pair of rank-one type. Then, the Gu-action on the
complex homogeneous space GC/HC is strongly visible (see Section 6
for the definition).
This paper is organized as follows. In Section 2, we explain a matrix
realization of Lie groups which appear in Table 1.1. In Sections 3–5, we
prove Theorem 1.1 for each reductive spherical pair of rank-one type
by giving an explicit description of an abelian group A. In particular,
we deal with Type R-2 in Section 3, Type R-1′ in Section 4 and Type
R-1 in Section 5. In Section 6, we show Theorem 1.2, in particular, we
explain that Theorem 1.1 is an essential part of our proof of Theorem
1.2.
The author would like to express his thank to an anonymous referee
for careful comments and suggestions.
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2. Preliminaries
2.1. Realization of exceptional Lie group of Type G2. In this
subsection, we explain realizations of G2(C), and its maximal com-
pact subgroup G2 as subgroups of the special orthogonal group on the
complexified Cayley algebra.
Let C be a Cayley algebra over R. This algebra C has the stan-
dard basis {e0, . . . , e7} with e0 as the unit element of C such that the
following relations hold, which we will fix in this paper:

e20 = e0, e
2
i = −e0 (i = 1, 2, . . . , 7), e1e2 = −e2e1 = e3,
e1e4 = −e4e1 = e5, e1e6 = −e6e1 = e7, e2e5 = −e5e2 = e7,
e2e6 = −e6e2 = e4, e3e5 = −e5e3 = e6, e3e4 = −e4e3 = e7.
(2.1)
Let (·, ·) be an inner product on C satisfying (ei, ej) = δij (0 ≤ i, j ≤ 7).
We denote by Re(C) = Re0 the real part of C by Im(C) = Re1+· · ·+Re7
the imaginary part of C. Then, Im(C) is the orthogonal complement of
Re(C) in C with respect to (·, ·).
We identify the special orthogonal group SO(C, (·, ·)) with SO(8) =
{g ∈ SL(8,R) : tgg = I8} where tg denotes the transposed matrix of
g and I8 the unit matrix. Similarly, we have SO(Im(C), (·, ·)) = {g ∈
SO(C, (·, ·)) : ge0 = e0} ≃ SO(7). We define G2 as the automorphism
group AutR(C) of C, namely,
G2 = {g ∈ SO(8) : (gx)(gy) = g(xy) (x, y ∈ C)}.
Then, G2 is a connected and simply connected compact simple Lie
group of exceptional type with Lie algebra g2. By definition, any ele-
ment g ∈ G2 satisfies ge0 = e0, from which G2 is a subgroup of SO(7).
In particular, Im(C) is G2-invariant.
Let CC = C ⊗R C be the complexified Cayley algebra and Im(CC)
the complexification of Im(C). We extend the symmetric bilinear form
(·, ·) on C to a complex symmetric bilinear form (·, ·) : CC × CC →
C on CC, namely, (v, w) = v0w0 + · · · + v7w7 for v = v0e0 + · · · +
v7e7, w = w0e0 + · · · + w7e7 ∈ CC. We identify the complex special
orthogonal group SO(CC, (·, ·)) with SO(8,C) = {g ∈ SL(8,C) : tgg =
I8} and SO(Im(CC), (·, ·)) with SO(7,C) with respect to the C-basis
{e0, . . . , e7}. We set G2(C) := AutC(CC), namely,
G2(C) = {g ∈ SO(8,C) : (gx)(gy) = g(xy) (x, y ∈ CC)}.
Then, G2(C) is a connected and simply connected complex simple Lie
group of exceptional type with Lie algebra g2(C) := g2⊗R C. This is a
subgroup of SO(7,C), and then, Im(CC) is G2(C)-invariant.
The subgroup G′(C) := {g ∈ G2(C) : ge1 = e1} of G2(C) is iso-
morphic to the special linear group SL(3,C), and G′(C) ∩ G2 to the
special unitary group SU(3). In this paper, we shall identify G′(C) and
G′(C) ∩G2 with SL(3,C) and SU(3), respectively:
SL(3,C) = {g ∈ G2(C) : ge1 = e1}, SU(3) = {g ∈ G2 : ge1 = e1}.
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2.2. Realization of spinor group Spin(7,C). Next, we realize the
spinor group Spin(7,C) as a subgroup of SO(8,C) = SO(CC, (·, ·)) as
follows.
We define a subgroup B3(C) of SO(8,C) by
B3(C) := {g ∈ SO(8,C) : there exists g0 ∈ SO(7,C)
such that (g0x)(gy) = g(xy) (x, y ∈ CC)}
and B3 of SO(8) by
B3 := {g ∈ SO(8) : there exists g0 ∈ SO(7)
such that (g0x)(gy) = g(xy) (x, y ∈ C)}.
Then, G2(C) and G2 are subgroups of B3(C) and B3, respectively. In
particular, they are of the forms:
G2(C) = {g ∈ B3(C) : ge0 = e0}, G2 = {g ∈ B3 : ge0 = e0}.
We will see that B3(C) is isomorphic to Spin(7,C) as follows. Let g
be an element of B3(C). By definition, we take g0 ∈ SO(7,C) such that
(g0x)(gy) = g(xy) (x, y ∈ CC). By the principle of triality in SO(8,C),
the existence of such g0 is unique. Under the notation, this yields the
following map
pi : B3(C)→ SO(7,C), g 7→ pi(g) = g0(2.2)
Then, the following equality holds for any g1, g2 ∈ B3(C):
(g1g2)(xy) = g1(g2(xy))
= g1((pi(g2)x)(g2y))
= (pi(g1)(pi(g2)x))(g1(g2y))
= ((pi(g1)pi(g2))x)((g1g2)y) (x, y ∈ CC).
This means that pi(g1g2) = pi(g1)pi(g2) for any g1, g2 ∈ B3(C), from
which pi is a group homomorphism. On the other hand, let us take an
element g0 ∈ SO(7,C). It follows from the principle of triality to g0 that
there exists g ∈ SO(8,C) such that (g0x)(gy) = g(xy) (x, y ∈ CC), from
which g ∈ B3(C). This means that pi is a surjective map. Moreover,
if g, g′ ∈ B3(C) satisfy pi(g) = pi(g′), then g′ coincides either g or −g.
Thus, pi is a double covering map. Therefore, B3(C) is isomorphic to
Spin(7,C). Similarly, we have B3 ≃ Spin(7).
Throughout this paper, Spin(7,C) means B3(C) and Spin(7) means
B3.
2.3. Cartan involution. As mentioned before, we take a matrix re-
alization of each complex simple Lie group and its maximal compact
subgroup. Then, there exists a Cartan involution of each complex
Lie group such that the fixed point set equals the maximal compact
subgroup. In this subsection, we express such a Cartan involution as
follows.
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Let us define an involutive automorphism θ on SO(8,C) by
θ(g) = g (g ∈ SO(8,C)).(2.3)
Here, g stands for the complex conjugation g of g ∈ SO(8,C). Then,
θ is a Cartan involution of SO(8,C) and its fixed point set SO(8) is
a maximal compact subgroup of SO(8,C). The restrictions of θ to
B3(C) and G2(C) becomes Cartan involutions on B3(C) and G2(C),
respectively. Thus, B3 is a maximal compact subgroup of B3(C) and
G2 is that of G2(C).
2.4. Unit sphere and complex unit sphere. In this subsection, we
review the facts on transitive actions and isotropy subgroups.
Let W = (Re1)
⊥ = Re2 + · · · + Re7 be the orthogonal complement
of Re1 in Im(C). For a vector space V (= C, Im(C),W ) over R, we
write S(V ) = {v ∈ V : (v, v) = 1} for the unit sphere in V with
respect to (·, ·). As G2 ⊂ SO(7) and Spin(7) ⊂ SO(8), Spin(7) acts
on S(C) = S7 and G2 acts on S(Im(C)) = S
6. Further, It is known
that
Lemma 2.1 ([1, 10]). (1) The Spin(7)-action on S7 is transitive,
and then S7 is diffeomorphic to Spin(7)/G2.
(2) The G2-action on S
6 is transitive, and then S6 is diffeomorphic
to G2/SU(3).
(3) The SU(3)-action on S(W ) = S5 is transitive.
Next, VC (= CC, Im(CC)) denotes the complexification of V . We set
S(VC) := {v ∈ VC : (v, v) = 1} as the complex unit sphere in VC. Then,
Spin(7,C) acts on S(CC) = S
7
C
and G2(C) acts on S(Im(CC)) = S
6
C
.
Lemma 2.2. (1) The Spin(7,C)-action on S7
C
is transitive, and
then S7
C
is biholomorphic to Spin(7,C)/G2(C).
(2) The G2(C)-action on S
6
C
is transitive, and then S6
C
is biholo-
morphic to G2(C)/SL(3,C).
Proof. The isomorphism S7
C
≃ Spin(7,C)/G2(C) has been proved in
[17, Lemma 2.2]. The idea of the proof is based on [11, Proposition 2
in Section 3]. Similarly, one can prove S6
C
≃ G2(C)/SL(3,C). Let us
see it briefly.
We recall that SL(3,C) is the isotropy subgroup of G2(C) at e1 ∈ S6C.
Then, we have a natural embedding
ι : G2(C)/SL(3,C)→ S6C, gSL(3,C) 7→ ge1.
In particular, this is an injective map. On the other hand, the complex
dimension of G2(C)/SL(3,C) equals six, which coincides with the that
of S6
C
. This implies ι is surjective, and then we obtainG2(C)/SL(3,C) ≃
S6
C
. 
We note that both Spin(7,C)/G2(C) and G2(C)/SL(3,C) are non-
symmetric homogeneous spaces.
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2.5. Transitive actions on unit spheres. In this subsection, we con-
sider a description of a vector space under the setting that a compact
group acts transitively on the unit sphere. This subsection is based on
the reference [14].
Let V be a vector space over R equipped with an inner product (·, ·)
and G a subgroup of the orthogonal group O(V, (·, ·)). Then, we have
the following lemma. Here, R≥0 denotes the set of non-negative real
numbers.
Lemma 2.3 (see [14, Lemma 5.1]). Let G be a subgroup of O(V, (·, ·))
acting transitively on the unit sphere S(V ). Then, V is written as
V = G · (R≥0v0) for a non-zero element v0 ∈ S(V ).
Proof. Let v be a non-zero element of V . We set r :=
√
(v, v) > 0.
Then, v1 := v/r is an element of S(V ). Since G acts transitively on
S(V ), we write v1 = g · v0 for some g ∈ G. Thus, we obtain v = g · rv0,
which is an element of G · (R≥0v0). 
Next, let G act on the complexification VC = V +
√−1V diagonally,
namely, g · (v1 +
√−1v2) := gv1 +
√−1gv2 for g ∈ G, v1, v2 ∈ V .
We denote by (Rv0)
⊥ the orthogonal complement of Rv0 in V . Then,
we have:
Lemma 2.4. Retain the setting as in Lemma 2.3. Suppose that the
isotropy subgroup Gv0 of G at v0 acts transitively on the unit sphere
S((Rv0)
⊥). Then, VC is expressed as
VC = G · (R≥0v0 +
√−1(Rv0 ⊕ Rw0))
for an element w0 ∈ S((Rv0)⊥).
Proof. Our proof is based on [14, Lemma 5.2]. Let us see it briefly. Ap-
plying Lemma 2.3 to the case where Gv0 acts transitively on S((Rv0)
⊥),
the vector space (Rv0)
⊥ is written as (Rv0)
⊥ = Gv0 · R≥0w0 for an ele-
ment w0 ∈ S((Rv0)⊥). On the other hand, it is clear that Gv0 · Rv0 =
Rv0. As V = Rv0 ⊕ (Rv0)⊥, we obtain
V = Gv0 ·Rv0 ⊕Gv0 · R≥0w0 = Gv0 · (Rv0 ⊕ R≥0w0).
Combining the above decomposition with Lemma 2.3, we conclude
VC = V +
√−1V = G · R≥0v0 +
√−1(Gv0 · (Rv0 ⊕ R≥0w0))
= G · (R≥0v0 +
√−1(Rv0 ⊕ R≥0w0)).
In particular, since R≥0w0 is contained in Rw0, we obtain
VC = G · (R≥0v0 +
√−1(Rv0 ⊕ R≥0w0))
⊂ G · (R≥0v0 +
√−1(Rv0 ⊕ Rw0)) ⊂ VC.
Hence, Lemma 2.4 has been proved. 
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3. Cartan decomposition for (G2(C), SL(3,C))
In this section, we give a proof of Theorem 1.1 for a non-symmetric
reductive spherical pair (G2(C), SL(3,C)) (Type R-2).
We begin this section with the outline of our proof. As mentioned
in Lemma 2.2, the homogeneous space G2(C)/SL(3,C) is biholomor-
phic to the complex unit sphere S(Im(CC)). Then, we first find a real
submanifold T1 which meets every G2-orbit in S(Im(CC)) (Section 3.1).
Second, we give an abelian group A1 such that T1 is an A1-orbit (Sec-
tion 3.2). After that, we prove Theorem 1.1 for this case (see Theorem
3.6 for detail).
3.1. G2-action on S(Im(CC)). First, we give a decomposition of S(Im(CC))
into G2-orbits.
We set
T1 : = (R≥0e1 +
√−1(Re1 ⊕ Re2)) ∩ S(Im(CC)).(3.1)
Lemma 3.1. The complex unit sphere S(Im(CC)) is written as
S(Im(CC)) = G2 · T1.
Proof. Retain the notation as in Section 2.4. We observe that G2 acts
transitively on S(Im(C)) and the isotropy subgroup (G2)e1 = SU(3)
acts transitively on S(W ) (see Lemma 2.1). By Lemma 2.4, we have
Im(CC) = G2 · (R≥0e1 +
√−1(Re1 + Re2)).
Since G2 is a subgroup of SO(7), we obtain
S(Im(CC)) = (G2 · (R≥0e1 +
√−1(Re1 + Re2))) ∩ S(Im(CC))
= G2 · ((R≥0e1 +
√−1(Re1 + Re2))) ∩ S(Im(CC))
= G2 · T1.
Hence, Lemma 3.1 has been proved. 
Next, we consider an explicit description of an element of T1 in the
coordinates. Let v be an element of T1. As T1 ⊂ Re1+
√−1(Re1+Re2),
we write v = x1e1 +
√−1(y1e1 + y2e2) for some x1 ∈ R≥0 and some
y1, y2 ∈ R. Then, we have
(v, v) = (x1 +
√−1y1)2 + (
√−1y2)2 = (x21 − y21 − y22) + 2
√−1x1y1.
Since v ∈ S(Im(CC)), three real numbers x1, y1, y2 satisfy x21−y21−y22 =
1 and x1y1 = 0. Hence, we get y1 = 0 and x
2
1 − y22 = 1. In particular,
x1 has to be a positive number. Therefore, T1 is of the form
T1 = {(cosh θ)e1 +
√−1(sinh θ)e2 : θ ∈ R}.
Here, the map R → T1, θ 7→ (cosh θ)e1 +
√−1(sinh θ)e2 is an embed-
ding. Then, T1 is a one-dimensional real submanifold in S(Im(CC)).
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3.2. G2-action on G2(C)/SL(3,C). We recall from Lemma 2.2 that
S(Im(CC)) is biholomorphic to G2(C)/SL(3,C). As S(Im(CC)) = G2 ·
T1, there exists a real submanifold S1 in GC/HC such that T1 ≃ S1 and
GC/HC = Gu · S1 via the biholomorphic diffeomorphism.
To find S1, we construct an abelian group A1 as follows. Let us
define a matrix δ(x,y) by
δ(x,y) =


0 0 0 −√−1x
0 0 −√−1y 0
0
√−1y 0 0√−1x 0 0 0

 .
Now, we set
a1 = {τθ := diag(δ(0,θ), δ(−θ/2,−θ/2)) : θ ∈ R}(3.2)
and
A1 = exp a1 = {tθ = diag(exp δ(0,θ), exp δ(−θ/2,−θ/2)) : θ ∈ R}.(3.3)
Then, A1 is a one-dimensional abelian group. We note
exp δ(x,y) =


cosh x 0 0 −√−1 sinh x
0 cosh y −√−1 sinh y 0
0
√−1 sinh y cosh y 0√−1 sinh x 0 0 cosh x

 .
Lemma 3.2. The abelian group A1 is contained in G2(C).
Sketch of Proof. Let us verify that any element tθ ∈ A1 satisfies
(tθei)(tθej) = tθ(eiej) (0 ≤ i, j ≤ 7)
for our choice of the C-basis {e0, . . . , e7} in (2.1). In fact, the compu-
tation is straightforward from the followings:
tθe1 = (cosh θ)e1 +
√−1(sinh θ)e2,
tθe2 = −
√−1(sinh θ)e1 + (cosh θ)e2,
tθe4 = (cosh(θ/2))e4 −
√−1(sinh(θ/2))e7,
tθe5 = (cosh(θ/2))e5 −
√−1(sinh(θ/2))e6,
tθe6 =
√−1(sinh(θ/2))e5 + (cosh(θ/2))e6,
tθe7 =
√−1(sinh(θ/2))e4 + (cosh(θ/2))e7
and tθei = ei for i = 0, 3. 
As mentioned in the proof of Lemma 3.2, an element (cosh θ)e1 +√−1(sinh θ)e2 ∈ T1 is written by tθe1. Then, the submanifold T1 is
expressed as
T1 = {tθe1 : θ ∈ R} = A1 · e1.(3.4)
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Hence, we set
S1 := A1SL(3,C)/SL(3,C).(3.5)
Then, we have:
Lemma 3.3. S1 ≃ T1.
Combining Lemma 3.1 with Lemma 3.3, we get the decomposition
of the homogeneous space G2(C)/SL(3,C) as follows:
Proposition 3.4. G2(C)/SL(3,C) = G2 · S1.
Proof. Let g be an element of G2(C). By Lemma 3.1, the element
ge1 ∈ S(Im(CC)) is written as ge1 = k · v1 for some k ∈ Gu and v1 ∈ T1
(see (3.4)). Moreover, v1 is given by v1 = tθe1 ∈ A1 ·e1 for some tθ ∈ A1,
from which ge1 = (ktθ)e1. This means g
−1ktθ ∈ (G2(C))e1 = SL(3,C).
Hence, we obtain gSL(3,C) = k · tθSL(3,C) ∈ G2 · S1. 
3.3. Lie algebra a1. In this subsection, we observe the Lie algebra a1.
Let g = g2(C), h = sl(3,C) and gu = g2 be the Lie algebras of G2(C),
SL(3,C) and G2, respectively. The differential automorphism of the
Cartan involution θ ofG2(C) (see (2.3)), which we use the same letter to
denote, is given by θ(X) = X (X ∈ g). Since δ(x,y) = δ(−x,−y) = −δ(x,y),
we have θ(τθ) = τ(−θ) = −τθ for any τθ ∈ a1. Hence, a1 is contained in√−1gu.
Next, let q be the orthogonal complement of h in g with respect to
the Killing form on g. As SL(3,C) = (G2(C))e1 , we write h = {X ∈
g2(C) : Xe1 = 0}. Thus, a1 is not contained in h. In fact, we have:
Lemma 3.5. a1 ⊂ q.
Proof. We will give a C-bases of h = sl(3,C) and q as follows, which is
based on [22, Theorem 1.5.1].
Let Eij (0 ≤ i, j ≤ 7, i 6= j) be a C-linear transformation on CC
satisfying Eijej = ei and Eijek = 0 for k 6= j. We shall also use the same
letter Eij to denote the matrix of degree eight corresponding to the C-
linear transformation Eij via the identification EndC(CC) ≃ M(8,C)
with respect to the C-basis {e0, . . . , e7}. For 0 ≤ i < j ≤ 7, we set
Xij := Eij −Eji. Then,
(3.6) {−X23 +X45, −X45 +X67, X24 +X35, −X25 +X34,
X26 +X37, −X27 +X36, X46 +X57, −X47 +X56}
is a C-basis of sl(3,C), and
(3.7) {2X12 −X47 −X56, 2X13 −X46 +X57, 2X14 +X27 +X36,
2X15 +X26 −X37, 2X16 −X25 −X34, 2X17 −X24 +X35}
is a C-basis of q. Since 2X12 −X47 −X56 ∈ q is written by
√−1τ2 =
2
√−1τ1, an arbitrary τθ is of the form τθ = θτ1 ∈ q. Thus, the Lie
algebra a1 is contained in q. 
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Therefore, we have shown a1 ⊂
√−1gu ∩ q.
3.4. Proof of Theorem 1.1 for (G2(C), SL(3,C)). A Cartan decom-
position for the reductive spherical pair (G2(C), SL(3,C)) is provided
by Proposition 3.4. More precisely, we prove:
Theorem 3.6 (Theorem 1.1 for Type R-2). Let (GC, HC) be the re-
ductive spherical pair of Type R-2, namely, (G2(C), SL(3,C)). Then,
the one-dimensional abelian group A1 = exp a1 with a1 ⊂
√−1gu ∩ q
given by (3.2) satisfies
GC = GuA1HC.
Proof. Let g be an element of G2(C). By Proposition 3.4, there exists
k ∈ Gu = G2 and tθ ∈ A1 such that gHC = k · (tθHC) = (ktθ)HC.
Thus, we have (ktθ)
−1g ∈ HC. We write h := (ktθ)−1g ∈ HC. Then,
we obtain g = ktθh ∈ GuA1HC. Hence, we conclude GC ⊂ GuA1HC.
Clearly, GC ⊃ GuA1HC. Therefore, we get GC = GuA1HC. 
4. Cartan decomposition for (Spin(7,C), G2(C))
In this subsection, we give a proof of Theorem 1.1 for the non-
symmetric reductive spherical pair (Spin(7,C), G2(C)). The proof of
Theorem 1.1 for Type R-1′ proceeds in parallel with that for Type R-2
which has been discussed in Section 3.
4.1. Spin(7)-action on S(CC). In this subsection, we consider the
Spin(7)-action on the complex unit sphere S(CC) (Type R-1
′).
The Spin(7)-action on S7 = S(C) is transitive and the action of the
isotropy subgroup Spin(7)e0 = G2 on S
6 = S(Im(C)) is also transitive
(see Lemma 2.1). It follows from Lemma 2.4 that the complexified
Cayley algebra CC = C+
√−1C is written as
CC = Spin(7) · (R≥0e0 +
√−1(Re0 + Re1)).
Then, we obtain
S(CC) = Spin(7) · (R≥0e0 +
√−1(Re0 + Re1)) ∩ S(CC).
Hence, we take a one-dimensional real submanifold T˜0 in S(CC) as
T˜0 : = (R≥0e0 +
√−1(Re0 + Re1)) ∩ S(CC).(4.1)
Then, we have:
Lemma 4.1. The complex unit sphere S(CC) is expressed as
S(CC) = Spin(7) · T˜0.
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4.2. Spin(7)-action on Spin(7,C)/G2(C). In this subsection, we give
a real submanifold which meets every Spin(7)-orbit in Spin(7,C)/G2(C).
Let us take a matrix dθ as
dθ :=
(
cosh θ −√−1 sinh θ√−1 sinh θ cosh θ
)
.(4.2)
We define a subgroup A˜0 of SO(8,C) by
A˜0 := {a˜θ = diag(dθ, d(−θ/3), d(−θ/3), d(−θ/3)) : θ ∈ R}(4.3)
Lemma 4.2. The set A˜0 is a subgroup of Spin(7,C).
For the verification of Lemma 4.2, we prepare the notation as follows:
ax := diag(I2, dx, dx, dx) ∈ SO(7,C).(4.4)
Sketch of Proof. For an element a˜θ of A˜0, we take a(2θ/3) ∈ SO(7,C).
Then, the direct computation shows that
(a(2θ/3)ei)(a˜θej) = a˜θ(eiej) (0 ≤ i, j ≤ 7)(4.5)
for the C-basis {e0, . . . , e7} of CC. This implies that a˜θ ∈ Spin(7,C).

By taking the same argument as for T1, the real submanifold T˜0 is
of the form
T˜0 = {(cosh θ)e0 +
√−1(sinh θ)e1 : θ ∈ R}.
Thus, we write
T˜0 = A˜0 · e0.
Hence, we set
S˜0 := A˜0G2(C)/G2(C).(4.6)
Lemma 4.3. S˜0 ≃ T˜0.
Therefore, we get a decomposition of Spin(7,C)/G2(C) as follows:
Proposition 4.4. Spin(7,C)/G2(C) = Spin(7) · S˜0.
4.3. Lie algebra of A˜0. Let g = spin(7,C), h = g2(C) and gu =
spin(7) be the Lie algebras of Spin(7,C), G2(C) and Spin(7), respec-
tively, and q be the orthogonal complement of h in g with respect to
the Killing form on g. In this subsection, the Lie algebra a˜0 of A˜0 is
contained in
√−1gu ∩ q.
The Lie algebra a˜0 is given as follows. Let δθ be a matrix given by
δθ :=
(
0 −√−1θ√−1θ 0
)
.(4.7)
Then, a˜0 is given by
a˜0 = {α˜θ = diag(δθ, δ(−θ/3), δ(−θ/3), δ(−θ/3)) : θ ∈ R}.(4.8)
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In particular, we have A˜0 = exp a˜0.
We choose a Cartan involution θ of g given by θ(X) = X (X ∈ g)
(see Section 2.3). Then, we have θ(α˜θ) = (α˜θ) = −α˜θ for any α˜θ ∈ a˜0
because δθ = δ(−θ) = −δθ. This implies a˜0 ⊂
√−1gu.
Next, we show:
Lemma 4.5. a˜0 ⊂ q.
Sketch of Proof. As mentioned in Section 3.3, the Lie algebra g2(C) is
decomposed into the direct sum of sl(3,C) and the orthogonal com-
plement of sl(3,C) in g2(C), denoted here by q
′. Moreover, we take a
C-basis of sl(3,C) as in (3.6) and that of q′ as in (3.7). It turns out
that a˜0 is orthogonal to both sl(3,C) and q
′, and then to g2(C). Hence,
we obtain a˜0 ⊂ q. 
Consequently, we have proved a˜0 ⊂
√−1gu ∩ q.
4.4. Proof of Theorem 1.1 for (Spin(7,C), G2(C)). In this subsec-
tion, we will prove Theorem 1.1 for (Spin(7,C), G2(C)). Let Gu :=
Spin(7) be a maximal compact subgroup of GC.
Theorem 4.6 (Theorem 1.1 for Type R-1′). Let (GC, HC) be the re-
ductive spherical pair of Type R-1′, namely, (Spin(7,C), G2(C)). Then,
the one-dimensional abelian group A˜0 = exp a˜0 with a˜0 ⊂
√−1gu ∩ q
given by (4.8) satisfies
GC = GuA˜0HC.
Proof. The proof of Theorem 4.6 is the same as the proof of Theorem
3.6. Then, we omit its proof. 
5. Cartan decomposition for (SO(7,C), G2(C))
In this section, we give a Cartan decomposition for the non-symmetric
reductive spherical pair (GC, HC) = (SO(7,C), G2(C)) (Type R-1).
The key idea is to take the image of our Cartan decomposition for
(Spin(7,C), G2(C)) given by Theorem 4.6 through the double covering
group homomorphism pi (see (2.2)).
To carry out, we define a subgroup A0 of SO(7,C) = (SO(8,C))e0
by
A0 := {aθ = diag(I2, dθ, dθ, dθ) : θ ∈ R}.(5.1)
Here, an element aθ has already appeared in the proof of Lemma 4.2
and dθ is given by (4.2). Then, the Lie algebra a0 of A0 is of the form
a0 = {αθ = diag(O2, δθ, δθ, δθ) : θ ∈ R}(5.2)
where δθ is given by (4.7). In particular, we have A0 = exp a0.
Let g = so(7,C), h = g2(C) and gu = so(7) be the Lie algebras of
GC, HC and Gu, respectively and q the orthogonal complement of h
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in g. Clearly, a0 is contained in
√−1gu. By the same argument as
Lemma 4.5, we have a0 ⊂ q. Thus, we obtain a0 ⊂
√−1gu ∩ q.
Now, we return to the relation (4.5). This implies that pi induces the
map pi : A˜0 → A0 given by pi(a˜θ) = a(2θ/3).
Lemma 5.1. The image pi(A˜0) coincides with A0.
Proof. For any aθ′ ∈ A0, the element a˜(3θ′/2) ∈ A˜0 satisfies pi(a˜(3θ′/2)) =
aθ′ . Hence, we have proved pi(A˜0) = A0. 
Theorem 5.2 (Theorem 1.1 for Type R-1). Let (GC, HC) be the re-
ductive spherical pair of Type R-1, namely, (SO(7,C), G2(C)). Then,
the one-dimensional abelian group A0 = exp a0 with a0 ⊂
√−1gu ∩ q
given by (5.2) satisfies
GC = GuA0HC.
Proof. We observe that GC = SO(7,C) is realized as the image pi(G˜C)
of G˜C = Spin(7,C). It follows from Theorem 4.6 that
pi(G˜C) = pi(G˜uA˜0HC) = pi(G˜u)pi(A˜0)pi(HC).(5.3)
Here, the image pi(G˜u) = pi(Spin(7)) coincides with SO(7), pi(HC) =
pi(G2(C)) with G2(C), and by Lemma 5.1 pi(A˜0) with A0. Hence, (5.3)
implies GC = GuA0HC. 
The following theorem is an immediate consequence of Theorem 1.1
or Proposition 4.4.
Proposition 5.3. SO(7,C)/G2(C) = SO(7) · (A0G2(C)/G2(C)).
For the sake of our application given in the next section, we will
explain that Proposition 5.3 follows from Proposition 4.4.
The double covering group homomorphism pi induces a double cov-
ering map
pi : Spin(7,C)/G2(C)→ SO(7,C)/G2(C), gG2(C) 7→ pi(g)G2(C).
(5.4)
In particular, pi(Spin(7,C)/G2(C)) coincides with SO(7,C)/G2(C). It
follows from Proposition 4.4 that
SO(7,C)/G2(C) = pi(Spin(7,C)/G2(C))
= pi(Spin(7) · (A˜0G2(C)/G2(C)))
= pi(Spin(7)) · (pi(A˜0)G2(C)/G2(C))
= SO(7) · (A0G2(C)/G2(C)).
Hence, we set
S0 := A0G2(C)/G2(C).(5.5)
Then, the above argument shows:
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Corollary 5.4. pi(S˜0) = S0.
6. Application to visible actions on complex manifolds
The motivation of the study for a Cartan decomposition for non-
symmetric reductive spherical pairs is to investigate a classification
problem on strongly visible actions on reductive complex homogeneous
spaces. The notion of (strongly) visible actions has been introduced by
T. Kobayashi for giving an unified explanation for multiplicity-freeness
of representations (cf. [7]). In this aspect, it plays a crucial role to
find a real submanifold which meets every orbit. Once one can find
a Cartan decomposition for a reductive spherical pair, one can also
provide an explicit description of such a submanifold simultaneously.
This section studies spherical homogeneous spaces of rank-one type
from the viewpoint of (strongly) visible actions.
Let us give a quick review on strongly visible actions. A holomor-
phic action of a Lie group G on a connected complex manifold D is
called strongly visible if there exist a real submanifold S in D (called
a slice) and an anti-holomorphic diffeomorphism σ on D satisfying the
following conditions (see [7]):
D = G · S,(V.1)
σ|S = idS,(S.1)
σ(x) ∈ G · x (∀x ∈ D).(S.2)
We note that the slice S is automatically totally real, namely, Jx(TxS)∩
TxS = {0} for any x ∈ S (see [7, Remark 3.3.2]). Here, J stands for
the complex structure of D.
In Kobayashi’s original definition [7, Definition 3.3.1] of strongly vis-
ible actions, it allows a complex manifold D containing a non-empty
G-invariant open set satisfying (V.1)–(S.2). For this paper, we shall
adopt the above definition for simplicity.
Now, we prove:
Theorem 6.1. Let (GC, HC) be a non-symmetric reductive spherical
pair of rank-one type. Then, the Gu-action on D = GC/HC is strongly
visible. In particular, one can find a one-dimensional slice S for the
strongly visible action.
In the following, we prove Theorem 6.1 for (GC, HC) given in Table
1.1. More precisely, we will verify three conditions (V.1)–(S.2).
6.1. Verification of (V.1). We have already proved that there exists
a one-dimensional real submanifold
S := AHC/HC.(6.1)
satisfying D = Gu · S, which implies the condition (V.1). We list our
choice of S and the proposition showing D = Gu · S in Table 6.1.
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Type GC HC S D = Gu · S
R-1 SO(7,C) G2(C) S0 Proposition 5.3
R-1′ Spin(7,C) G2(C) S˜0 Proposition 4.4
R-2 G2(C) SL(3,C) S1 Proposition 3.4
Table 6.1: Our choice of slice S satisfying (S.1)
6.2. Verification of (S.1). In this subsection, we will verify the con-
dition (S.1).
First, let I1,1 := diag(1,−1) and
I+− : = diag(I1,1, I1,1, I1,1, I1,1) = diag(1,−1, 1,−1, 1,−1, 1,−1).
Since (I+−ei)(I+−ej) = I+−(eiej) for 0 ≤ i, j ≤ 7, the element I+− lies
in G2. Here, we define an anti-holomorphic involution σ0 on SO(8,C)
by
σ0(g) = I+−gI+− (g ∈ SO(8,C)).(6.2)
Lemma 6.2. The involution σ0 stabilizes Spin(7,C), SO(7,C), G2(C)
and SL(3,C).
Proof. As I+− ∈ G2, it is obvious that σ0 stabilizes Spin(7,C), SO(7,C)
and G2(C).
For the proof that SL(3,C) is σ0-stable, it is necessary to verify the
relation σ0(g)e1 = e1 for any g ∈ SL(3,C). Let g be an element of
SL(3,C). It is obvious that g ∈ SL(3,C). Thus, we obtain
(σ0(g))e1 = I+−gI+−(e1) = I+−g(−e1) = I+−(−e1) = e1.
Then, σ0 stabilizes SL(3,C). 
By Lemma 6.2, the restrictions of σ0 to Spin(7,C), SO(7,C) and
G2(C) becomes involutions on Spin(7,C), SO(7,C) and G2(C), re-
spectively, which we use the same letter σ0 to denote.
We choose a Cartan involution θ of SO(8,C) as in (2.3). Clearly, θ
commutes with σ0, from which σ0 stabilizes the maximal compact sub-
group SO(8) = {g ∈ SO(8,C) : θ(g) = g} of SO(8,C). By definition,
Spin(7), SO(7) and G2 are also σ0-stable.
Let (GC, HC) be a non-symmetric reductive spherical pair contained
in Table 1.1. The anti-holomorphic involution σ0 on GC induces an
anti-holomorphic diffeomorphism σ on the non-symmetric spherical ho-
mogeneous space GC/HC as follows:
σ(gHC) := σ0(g)HC (g ∈ GC).(6.3)
Now, let us show the condition (S.1) for our choice of σ in (6.3). The
submanifold S in GC/HC given in (6.1) comes from the one-dimensional
abelian subgroup in GC given by A0 (Type R-1), A˜0 (Type R-1
′), A1
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(Type R-2). Then, it is necessary for the verification of (S.1) to show
the following:
Lemma 6.3. σ0|A = idA for A = A0, A˜0, A1.
Proof. First, let aθ = diag(I2, dθ, dθ, dθ) be an element of A0. Then,
the complex conjugation of aθ equals a(−θ). Thus, we compute
σ0(aθ) = I+−a(−θ)I+−
= diag(I1,1I2I1,1, I1,1d(−θ)I1,1, I1,1d(−θ)I1,1, I1,1d(−θ)I1,1)
= diag(I2, dθ, dθ, dθ) = aθ.
Hence, σ0|A0 = idA0 holds.
Next, let a˜θ = diag(dθ, d(−θ/3), d(−θ/3), d(−θ/3)) be an element of A˜0.
Then, we have
σ0(a˜θ) = diag(I1,1d(−θ)I1,1, I1,1d(θ/3)I1,1, I1,1d(θ/3)I1,1, I1,1d(θ/3)I1,1)
= diag(dθ, d(−θ/3), d(−θ/3), d(−θ/3)) = a˜θ.
This implies that σ0 is the identity map on A˜0.
Finally, let tθ = exp τθ = diag(exp δ(0,θ), exp δ(−θ/2,−θ/2)) be an el-
ement of A1. We put J+− := diag(1,−1, 1,−1). Then, we have
J+−δ(x,y)J+− = δ(−x,−y), Hence, we obtain
σ0(tθ) = I+− diag(exp δ(0,−θ), exp δ(θ/2,θ/2))I+−
= diag(exp(J+−δ(0,−θ)J+−), exp(J+−δ(θ/2,θ/2)J+−))
= diag(exp δ(0,θ), exp δ(−θ/2,−θ/2)) = tθ.
Hence, σ0|A1 = idA1.
Therefore, Lemma 6.3 has been proved. 
Thanks to Lemma 6.3, the following equality holds for any aHC ∈
S = AHC/HC (a ∈ A):
σ(aHC) = σ0(a)HC = aHC.
Hence, we have verified σ|S = idS, namely, (S.1).
6.3. Verification of (S.2). In this subsection, we shall see that the
condition (S.2) follows from (V.1) and (S.1) and the involution σ0 given
by (6.2).
Retain the setting as in Section 6.2. Let x be an element of the
spherical homogeneous space GC/HC of rank-one type. By the con-
dition (V.1), one can find elements k ∈ Gu and a ∈ A such that
x = k · aHC. As σ|S = idS (the condition (S.1)), we have
σ(x) = σ0(k) · σ(aHC) = σ0(k) · aHC = (σ0(k)k−1) · x.
Here, σ0 stabilizes Gu (see Section 6.2). Then, σ0(k)k
−1 is an element
of Gu. Hence, (σ0(k)k
−1) ·x lies in the Gu-orbit through x, from which
we have shown σ(x) ∈ Gu · x. Hence, the condition (S.2) has been
verified.
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6.4. Proof of Theorem 6.1. For a non-symmetric reductive spherical
pair (GC, HC) of rank-one type, we have verified the condition (V.1) in
Section 6.1, (S.1) in Section 6.2 and (S.2) in Section 6.3. Therefore,
Theorem 6.1 has been proved.
6.5. Remark. We end this paper by the observation of σ0 from the
corresponding fixed point set of the Lie algebra as follows.
Let (GC, HC) be a non-symmetric spherical pair of rank-one type and
g the Lie algebra of a complex simple Lie group GC. We use the same
letter σ0 to denote the differential automorphism on g. We write g
σ0
as the fixed point set of σ0 in g.
Our choice of σ0 satisfies that (so(8,C))
σ0 is isomorphic to so(4, 4).
Then, its real rank, denoted by rankR(so(8,C))
σ0, equals four, which
coincides with rank(so(8,C)). This means (so(8,C))σ0 is a normal real
form of so(8,C). Further, we have
(so(7,C))σ0 ≃ so(7,C) ∩ so(4, 4) ≃ so(3, 4),
(spin(7,C))σ0 ≃ spin(7,C) ∩ so(4, 4) ≃ spin(3, 4),
(g2(C))
σ0 ≃ g2(C) ∩ so(4, 4) ≃ g2(2).
It turns out that the Lie algebra gσ0 satisfies
Proposition 6.4. rankR g
σ0 = rank g.
We have found the same property as Proposition 6.4 in the non-
symmetric spherical homogeneous spaces of line bundle case. Namely,
we have prove that if GC/HC is a line bundle GC/[KC, KC] over the
complexification GC/KC of an irreducible Hermitian symmetric space
G/K of non-tube type, then the Gu-action on GC/[KC, KC] is strongly
visible and one can take a slice S and an anti-holomorphic diffeomor-
phism σ satisfying (V.1)–(S.2) and Proposition 6.4 (see [15, Lemma
2.2] and [18]). The key ingredient is to find a Cartan decomposition
for (GC, [KC, KC]) explicitly.
We can show that for any reductive spherical pair (GC, HC) we
have a Cartan decomposition by giving an explicit description of the
abelian part and that the Gu-action on the spherical homogeneous
space GC/HC is strongly visible with a slice coming from a Cartan
decomposition for (GC, HC) and an anti-holomorphic diffeomorphism
coming from an involution on GC satisfying Proposition 6.4. In fact,
we have shown the strong visibility in some cases, see [15, 16, 17, 18],
in particular, we have provided a slice explicitly (note that our choice
of slice in [16, 17] is not abelian). The others will be explained in the
forthcoming papers which contain how to find an explicit description
of the abelian part for a Cartan decomposition (cf. [19]).
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